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I Model

We consider N particles:

• spinless fermions

• 2D compact domain Ω :“ r0, Ls2

• uniform transverse magnetic field B

• magnetic periodic boundary conditions

Mean field Hamiltonian

HN :“
N
ÿ

j“1

´

`

´iℏ∇j ´ bApxjq
˘2

` V pxjq
¯

`
1

N

ÿ

1ďiăjďN

wpxi ´ xjq (1)

Acting on
L2

´

´

ΩN
¯

:“
N

ľ

L2
pΩq (2)

Coulomb gauge: Dϕ P C8pΩ, Rq such that

A “ ∇Kϕ and ∇ ^ A “ p0, 0, 1q (3)

We study the ground state and ground energy.
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Magnetic periodic boundary conditions

Translation operator Tyψpxq :“ ψpx ´ yq, problem:

rTy, iℏ∇ ` bAs “ brTy, As ‰ 0

∇ ^ A “ Cst ùñ TyA ´ A — l2b∇φy, define
τy :“ eiφyTy ùñ rτy, iℏ∇ ` bAs “ 0 (4)

Magnetic length: lb –

c

ℏ
b

Flux quantization: rτpL,0q, τp0,Lqs “ 0 ðñ
L2

l2b
P 2πZ

Landau level diagonalization of the magnetic Laplacian:

L :“ piℏ∇ ` bAq
2

“
ÿ

nPN

EnΠn with En – 2ℏb
ˆ

n `
1

2

˙

(5)

on

Dom pL q :“

#

ψ P H2
pΩq|@t P r0, Ls,

ψpL, tq “ eiφpL,0qpL,tqψp0, tq

ψpt, Lq “ eiφp0,Lqpt,Lqψpt, 0q

+

(6)

Moreover RankpΠnq “
L2

2πl2b
— d
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Characteristics lengths:

• L{
?
N : mean distance between particles

• lb: minimal distance between particles

[Lieb, Solovej, Yngvason (1995)]: coulomb interaction

• L2{l2bN Ñ `8: all particles lowest Landau level

• L2{l2bN Ñ 0: all Landau level filled

[Fournais, Lewin, Solojev (2015)], [Fournais, Madsen (2019)]: general V,w

Scaling

Semi-classical limit:

ℏ – N´δ with
1

4
ă δ ă

1

2
(7)

Let q P N, r P r0, 1q, fix b such that

N

d
“

2πl2bN

L2
Ñ

NÑ8
q ` r ùñ O pℏbq “ ℏ2N “ N 1´2δ

" 1 (8)
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II Limit model

Semi-classical functional

To m : N ˆ Ω Ñ R`, such that

0 ď m ď
1

pq ` rqL2
and

ÿ

nPN

ˆ

Ω

mpn, xqdx “ 1 (9)

associate the semi-classical energy

Esc,N rms –
ÿ

nPN

En

ˆ

Ω

mpn, xqdx `
ÿ

nPN

ˆ

Ω

V pxqmpn, xqdx (10)

`
1

2

ÿ

n,rnPN

¨

Ω2

wpx ´ yqmpn, xqmprn, yqdxdy (11)
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Model for the partially filled Landau level

Electrostatic functional:

EqLLrρs –

ˆ

Ω

V pxqρpxq `
1

2

¨

Ω2

wpx ´ yqρpxqρpyqdxdy (12)

with domain

DqLL –

$

’

&

’

%

ρ P L1
pΩq such that

ˆ

Ω

ρ “
r

q ` r
and 0 ď ρ ď

1

pq ` rqL2

,

/

.

/

-

(13)

Let ρ P DqLL, define

mρpn, xq –
1

L2pq ` rq
1năq ` ρpxq1n“q (14)

Then,

Esc,N
“

mρ

‰

“ ℏbC1 ` C2 ` EqLL rρs
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III Results

Theorem 1: Convergence of the ground state energy. D.P N.Rougerie (2022)

If V,w P L2,

inf
ψNPDompHNq,∥ψN∥“1

xΨN |HNΨNy

N
“

NÑ8
inf

ρPDqLL

Esc,N
“

mρ

‰

` op1q

Let ΓN be a fermionic N -body density matrix, k P Z, define

γ
pkq

N pXk, Ykq –

ˆ

ΩN´k

ΓNpXk, ZN´k;Yk, ZN´kqdZN´k and ρ
pkq

N pXkq – γ
pkq

N pXk, Xkq

(15)

Theorem 2: Convergence of the reduced densities. D.P N.Rougerie (2022)

If V,w P L2, Dµ P P
`

DqLL

˘

only charging minimizers of EqLL such that @k P N˚ in

the sense of Radon measures,

ρ
pkq

N
˚

á
NÑ8

ˆ

DqLL

ˆ

q

L2pq ` rq
` ρ

˙bk

dµpρq
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IV Sketch of the proof

Semi classical approximation

Define Πn,x – gλp‚ ´ xqΠngλp‚ ´ xq (16)

m
pkq

N pn1, x1; . . . ;nk, xkq – Tr

«

γ
pkq

N

k
â

i“1

Πni,xi

ff

(17)

Esc,N rmN s –
ÿ

nPN

En

ˆ

Ω

mpn, xqdx `
ÿ

nPN

ˆ

Ω

V pxqmpn, xqdx (18)

`
1

2

ÿ

n,rnPN

¨

Ω2

wpx ´ yqmp2q
pn, x; rn, yqdxdy (19)

Tr rHNΓN s

N
“ Esc,N rmN s ` op1q (20)

Mean field limit

• Upper bound: Lieb variational principle

• Lower bound: De Finetti theorem
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V Perspectives

• Obtain similar results for relativistic fermions

D :“ ´

˜

σx
σy

¸

¨ piℏ∇ ` bAq (21)

• Dynamics: convergence in the mean field limit of the N body Schrodinger equation

to Hartree-Fock and convergence in the semi classical to the vorticity equation

Btρpt, Rq “ ´∇K
RpV pRq ` w ˚ ρpt, Rqq ¨ ∇Rρpt, Rq (22)

Thanks for your attention :)
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